We derive an explicit formula for the computation of a Vassiliev-type invariant of an apparent contour introduced recently by Ohmoto and Aicardi using appropriate linking numbers of its Legendrian lift. Our formula does not require the construction of the Legendrian lift and only takes into account the nodes, the cusps, the extremal points and the orientation of the apparent contour. In this way the computation can be implemented into a computer program; we demonstrate its use with some examples.
Introduction
Given a two-dimensional smooth compact manifold M without boundary and a smooth generic [15] map φ : M → Ω ⊂ R 2 , Ω an open ball, the apparent contour Φ of M is the branch locus of φ, that is the subset of Ω, typically consisting of smooth curves with transversal crossings and cusps, where the function counting the number of preimages of φ has a jump. It can be equivalently defined as the image of the singular set of φ in M , where the rank of dφ is not maximal. Understanding structural properties of the apparent contour is important in different contexts ranging from algebraic topology to image analysis in computer vision. In this paper M is not required to be orientable, nor embedded/immersed in R 3 ; connectedness of M is also not essential for our result. In their paper [12] , Ohmoto and Aicardi introduce some local first order Vassiliev-type invariants for apparent contours [14] , [8] , which turn out to form a basis for the space of such invariants: two of these invariants have a simple interpretation in terms of the number of cusps and the number of crossings of Φ. Conversely, the third invariant does not have an immediate interpretation, and is defined in [12] as an appropriate linking number BL(Φ) of the Legendrian lift of Φ in the projectivized cotangent bundle Ω × P(T ∨ R 2 ); its computation for a given apparent contour is not trivial. More precisely, BL(Φ) is defined by taking the sum of the selflinking numbers of the liftings of the components of Φ and the linking numbers between the liftings of two different components. Here by a component we mean the image in Ω of a connected component of the singular set of φ on M . The selflinking number is itself defined by also taking into account the twisting of a strip constructed by shifting points of the lifted curve of a small amount in the normal direction to the contact plane, we refer to [12] for the precise definition (see also Section 3).
We give here an explicit formula for BL(Φ) which does not require the construction of the Legendrian lift and only takes into account the nodes, the cusps, the extremal points and the orientation of the apparent contour. More precisely, our formula relies on a Morse description of the apparent contour, which is obtained by imagining a horizontal line (that we call Morse line) that traverses Ω from top to bottom. Without loss of generality we can suppose that all cusps have horizontal tangent, so that the Morse line can traverse a cusp without introducing unnecessary local maxima/minima nearby; in this way cusps can be treated simply as distinguished points along the arcs of Φ. For all critical positions of this Morse line with respect to the apparent contour we record the sequence of events along the line, from left to right, i.e.:
• transversal crossings;
• local maxima of an arc of Φ;
• local minima of an arc of Φ;
• intersections at a crossing, with two arcs on one side of the Morse line and the other two on the other side;
• intersections at a cusp.
The final result is obtained by combining together all these pieces of information to obtain the relevant linking numbers, as stated in Definition 4.3 (Section 4.2) where we define our invariant function B(Φ).
In Section 5 we prove that B(Φ) coincides with BL(Φ) up to an additive constant, and this is done by checking that both invariants jump of the same amount when crossing each codimension one stratum of the discriminant set (Section 2). Actually, such an additive constant is in fact zero (B(Φ) = BL(Φ)), as shown in Section 3.1 where we motivate our formula: we start from the definition of BL(Φ) and enforce the invariance under Reidemeister moves to recover a quantity that is computable directly from the apparent contour. The computation of B(Φ) is implemented in a computer program; the results obtained on some examples are presented in Section 6.
Preliminaries
Let φ : M → Ω be a generic [15] map as in Section 1. A component of Φ is the image of a connected component of the singular set of φ (a closed curve); each component of Φ is canonically oriented in such a way that points on the left have a higher number of preimages of φ; note that the number of preimages always jumps by two when crossing the arcs of Φ. We denote by sing(Φ) the set of all crossings and cusps (Whitney cusps) of the apparent contour; the canonical orientation of Φ is such that all cusps correspond to sharp (180 degrees) left turns. If M is embedded in R 3 = R 2 × R and φ is the projection on the (x 1 , x 2 ) plane we can enrich Φ with the so-called Huffman labelling [9] , which is a function defined on Φ \ sing(Φ) counting the number of layers of M in front of the corresponding point of the singular set: i.e., if
is a point of the singular set, the Huffman labelling at (x 1 , x 2 ) is the number of points of M with coordinates (x 1 , x 2 , z) and z > x 3 . Conversely, if Φ admits a consistent Huffman labelling, then we can embed it in R 3 so that M is oriented and φ factorizes through the embedding and an orthogonal projection [16] , [5] .
Classification of the codimension 1 strata
We recall that the codimension one local strata of the discriminant hypersurface consisting of all maps having non-generic apparent contours are classified as follows [3] , [1] , [2] , [4] , [6] : L (lips), B (beak-to-beak), S (swallow-tail), K 0 , K 1 , K 2 (kasanie, or tangency), T 0 , T 1 (triple points), C 0 , C 1 (cuspcrossing). We refer to [12, Figure 2] , where it is shown that each stratum can be realized locally as the projection on R 2 of a surface immersed in R 3 . Each stratum is locally cooriented, positive in the direction where the number of cusps and crossings is increasing; as for T 0 and T 1 , for which the number of cusps and crossings does not change, the coorientation is toward the region where the number of preimages of the newly formed triangle is higher [12, page 30] . The corresponding small letter denotes a function whose jump is equal to one at every crossing of the stratum in the positive direction defined by the coorientation: ∆l = ∆b = ∆s = ∆k 0 = ∆k 1 = ∆k 2 = ∆t 0 = ∆t 1 = ∆c 0 = ∆c 1 = 1.
First order local invariants
In [12] it is proved that all local first order Vassiliev-type invariants of Φ are a combination of three special invariants: number of cusps of Φ, number of crossings of Φ, and BL(Φ). The latter invariant, which we are interested in, has jumps given by ∆BL(Φ) = ∆l + ∆b + 2∆k 0 − 2∆k 1 + 2∆k 2 and we shall recall here how it is constructed in [12] .
Step 1. Each component of the apparent contour is lifted by using the direction of the (projectivized) cotangent line as an additional dimension (Legendrian lift); note that to do this we do not need any information on M and φ, but only on Φ. We can take the additional coordinate as an angle θ ∈ [− . We identify this stripe with its boundaryγ; it may consist of one or two components depending on whether the stripe has the structure of a Moebius band or not.
Step 3. The torusT can be identified with a solid torus T ⊆ R 3 obtained by rotating Ω around some line (non intersecting Ω and lying in its support plane) by the angle 2θ, θ ∈ [− π 2 , π 2 ]; we end up with a set of oriented closed nonintersecting curves plus their corresponding stripes contained in T ⊂ R 3 .
Step 4. To each component γ ⊂ T of the Legendrian lift one computes a selflinking number, which is obtained by first projecting γ onto some plane in a generic way and then counting crossings of the projected γ and of the projectedγ with an appropriate sign (according to the vector product of the tangent vector to the path on top and the tangent vector to the path below) and appropriate weight: 1 for selfcrossings of γ and 1 2 for selfcrossings ofγ. When counting selfcrossings ofγ one omits points that correspond to selfcrossings of γ (correspond in the sense that they are at O(ǫ) distance from selfcrossings of γ). The resulting quantity can be shown to be invariant with respect to Reidemeister moves, which entails that the final result is in fact independent of the choice of the projection plane.
Step 5. One also computes the linking numbers of any pair of distinct components γ 1 and γ 2 of the Legendrian lift. We use the same sign convention as before at each mutual crossing of the projection onto some plane; in this case the displaced curvesγ i are not involved.
Step 6. The resulting invariant BL(Φ) is just the sum of the selflinking and linking numbers of the Legendrian lift.
How to practically compute BL(Φ)
The key tool is the invariance under Reidemeister moves of the selflinking and linking numbers of the Legendrian lift. The idea is to deform the Legendrian lift and choose the support plane of Ω as the projecting plane in order to be able to compute the (self)linking numbers and account for crossings directly on the apparent contour Φ. However this cannot be done directly, since the Legendrian lift in T involves a rotation (around some external line in the support plane of Ω). The invariance under Reidemeister moves however allows us to deform isotopically T and the Legendrian curves contained therein in such a way that the rotation angle 2θ is mapped onto an orthogonal vertical displacement z = 2ζθ/π to Ω (ζ > 0 is a small number), obtaining a cylinder C = Ω × (−ζ, ζ); points of the Legendrian lift with angle 2θ = ±π must be stretched into long arcs that connect corresponding points of the top and bottom faces of C travelling in a long tube without torsion.
We cannot yet project onto Ω because the projection is nongeneric, since we have distinct points of the (modified) Legendrian lift (those on the top/bottom face of C) that project onto the same point in Φ with the same (horizontal) tangent. We will then slightly perturb the Legendrian lift, e.g. by cutting the apparent contour at points with horizontal tangent, which we suppose to be local maxima or minima and then moving one of the two sides of a little amount. Figure 1 represents the construction for an apparent contour which is just a circle, the Legendrian lift (thicker lines) has two components, since the normal line to Φ attains each direction twice (at opposite points on the circle). For the sake of clarity the long arcs of the Legendrian lift connecting the top to the bottom end-points of the two components are shown as straight thick lines at 45 degrees; one should imagine the same arcs at an angle approaching zero. The result of the projection back onto Ω is also shown in Figure 1 , with the signature of the crossing points depending on which arc crosses over the other. Another source of nongenericity of the projection are points of the Legendrian lift that correspond to cusps of Φ; slight modification of the Legendrian lift at these points show that we correspondingly get a selfcrossing of the displaced curvesγ, which we can suitably count and add to the final invariant. In the end we get some contributions at each cusp point, at each crossing of Φ and at all local maxima and minima of arcs of the apparent contour. For convenience we shall also isotopically deform Φ in such a way that all cusps have horizontal tangent with the two branches lying at opposite sides of the tangent. In this way cusps also give a contribution similar to that of local minima/maxima. The amount of each contribution is specified in a precise way in Section 4.2, and the final result is denoted by B(Φ). Moreover, to be able to algorithmically compute B(Φ) we need to impose a few more restrictions; in particular we require that the two tangent lines at a crossing are not horizontal, and hence both components of Φ cross the horizontal line transversally; also, each horizontal line crosses the apparent contour in at most one critical point (a cusp or a crossing or a maximum/minimum). Due to this construction we will have equality BL(Φ) = B(Φ): In Section 5 we provide a complete and rigorous proof that B(Φ) has the same jumps as BL(Φ) when crossing each of the 10 codimension one strata, thus having the guarantee that the two are the same up to some additive constant; it is however clear from the argument of this section that this constant is actually zero.
Morse description of an apparent contour
We give now a way to describe in a finite way the structure of the apparent contour Φ using Morse theory. This description will allow us to define the invariant B(Φ) and also can be converted into a sequence of characters to be used as input for a computer implementation that automates the computation, as described in Section 6. Since our invariant is insensitive to isotopic deformations of Ω, we can assume, as in the previous section, that the tangent line to any cusp of Φ is horizontal with the two branches of the cusp at either side of it. Moreover, since the geometry of the cusp is not important, as long as its orientation is consistent with the orientation of Φ, we shall also substitute each cusp with a distinguished point (a marker) with non-horizontal tangent; this is described in Figure 3 . As an example, the apparent contour of Fig. 2 can be conveniently described using the equivalent sketch of Fig. 3 . The pair (λ i , t λi ) is called critical point; with slight abuse of notation we shall also refer to m λi (t λi ) as a critical point.
Remark 4.1. For clarity of exposition cusps (marked points) are considered singular points in the definition of a generic m λ (·) (i.e. the intersection of m λ (·) with Φ at a marked point implies that m λ (·) is nongeneric). However the topological structure of the apparent contour does not change when crossing such a critical level and the only required information for our purpose is the number of cusps contained in each arc of Φ (arcs are curves that do not contain any crossing, which are either closed or have crossings as end-points). Indeed, in the computer implementation cusps are not considered singular points and each arc carries the information of how many cusps it contains. Similarly, we shall also assume that each Morse curve intersects Φ in at most one marked point.
Without loss of generality, we will assume that each m λ is a horizontal line. Therefore we call m a generic family of horizontal Morse lines for Φ. We take the convention that the lines foliate Ω from top to bottom. We denote by m or (Φ) the set of all pairs constituted by a point p ∈ Φ which is a local maximum or minimum and the local orientation of Φ; we shorthand m or (Φ) with the following symbols:
Also, we indicate by cro or (Φ) (resp. cus or (Φ)) the set of all pairs constituted by a crossing (resp. a marked point) of Φ and the local orientation of Φ: we shorthand cro or (Φ) = ր ց, տ ր, ւ տ, ց ւ (resp. cus or (Φ) = ↓≺, ↑≻ ).
We denote the union of these sets as crit or (Φ) := m or (Φ) ∪ cro or (Φ) ∪ cus or (Φ).
The strata obtained intersecting Φ with the horizontal Morse lines
If λ is a critical level, we classify it according to the (transversal) intersections of m λ (·) with Φ lying on the left and on the right of the corresponding critical point.
We indicate by a vertical oriented arrow on the left (resp. on the right) of a singular point p ∈ sing(Φ) the orientation of a left (resp. right) arc to p. The various critical levels are better described with an example.
Example 4.2. Consider the apparent contour of Figure 3 . The critical levels are the following: Oriented global maximum: ⌢ ← . The orientation is necessarily from the right to the left. Oriented local maximum, having one arc on the left (resp. on the right) oriented downward (resp. upward): ↓ ⌢ ← ↑.
Oriented marked point ↓≺ having one arc on the left oriented downward and two arcs on the right oriented upward: ↓ ↓≺ ↑ ↑.
Oriented marked point ↑≻ having two arcs on the left oriented downward and one arc on the right oriented upward: ↓ ↓ ↑≻ ↑.
Oriented crossing, having one arc on the left (resp. on the right) oriented downward (resp. upward): ↓ ր ց ↑. Oriented crossing, having one arc on the left (resp. on the right) oriented downward (resp. upward): ↓ ւ տ ↑. Oriented marked point ↓≺ having one arc on the left oriented downward and two arcs on the right oriented upward: ↓ ↓≺ ↑ ↑. Oriented marked point ↑≻ having two arcs on the left oriented downward and one arc on the right oriented upward: ↓ ↓ ↑≻ ↑. Oriented local minimum ⌣ → , having one arc on the left (resp. on the right) oriented downward (resp. upward): ↓ ⌣ → ↑. Oriented global minimum ⌣ → .
Contribution to the invariant B(Φ) of each critical level
We define the invariant B(Φ) by adding a contribution from all critical symbols s ∈ crit or (Φ). In order to assign a contribution for the symbols in m or (Φ) ∪ cus or (Φ), we define an integer-valued function which is nonlocal, in the sense that it depends on the orientation of the left and right arcs to the symbol. Let s ∈ m or (Φ) ∪ cus or (Φ) be one symbol, with z s ∈ Φ the corresponding point. Let ℓ be the horizontal Morse line passing through s, and denote by ℓ l ⊂ ℓ (resp. ℓ r ⊂ ℓ) the open half-line starting at z s and belonging to the half-plane on the left (resp. on the right) of z s . We define
where # left ↓ (resp. # left ↑) denotes the number of points of ℓ l ∩ Φ where Φ traverses ℓ l downward (resp. upward), and # right ↑ (resp. # right ↓) denotes the number of points of ℓ r ∩ Φ where Φ traverses ℓ r upward (resp. downward).
We now define what will turn out to be the third invariant in the paper [12] .
The contribution of the crossings s ∈ cro or (Φ) is defined as
We finally define
5 Main result Proof. In order to show the statement, it is sufficient to prove that the variation of B(Φ) and of BL(Φ) before and after a codimension one degeneration are equal. We localize the degeneration in a sufficiently small box; near (and out of the) box the function w takes a constant value, say α. We use a Morse family of horizontal lines travelling downward. The box A is a local description before the degeneration, and the box B after the degeneration. Recall the notation of Section 2.1. 1) Stratum L.
box B :
2) Stratum B.
box B : Therefore B(box A) = 1 − α, B(box B) = 1 − α and ∆B = 0.
Therefore B(box A) = 2 − 2α, B(box B) = −2α + 4 and ∆B = 2.
Therefore B(box A) = 2, B(box B) = 0 and ∆B = −2.
Therefore B(box A) = 2 + 2α, B(box B) = 2α + 4 and ∆B = 2. 7) Stratum T 0 .
box A :
Therefore B(box A) = 1, B(box B) = 1 and ∆B = 0. 8) Stratum T 1 .
Therefore B(boxA ) = 1, B(box B) = 1 and ∆B = 0. 9) Stratum C 0 .
box A : box B :
Therefore B(box A) = −α − As a consequence of the arguments in Section 3 the additive constant in the statement of Theorem 5.1 is zero.
Interpretation of the invariant in terms of the index
We denote by f : Ω → N the function counting the number of preimages of φ; it takes even values on Ω \ Φ and jumps of two units when crossing Φ with the higher value on the left of each arc according to its orientation. The value of f on Φ is the following:
• on nonsingular points of Φ is the mean value of the two neighbouring values (an odd natural number);
• on a crossing it is the mean value of the four neighbouring values (an even natural number);
• on a cusp it takes the minimum between the two neighbouring values (an even natural number).
Moreover f (z) equals twice the index of z ∈ Ω \ Φ with respect to Φ. Let z 0 ∈ Ω \ Φ. Take a half-line ℓ r joining z 0 with ∞, having only transverse intersections with Φ, lying in the half plane on the right of z 0 . Then
where # ↑ (resp. # ↓) denotes the number of points of ℓ r ∩ Φ where Φ traverses ℓ r upward (resp. downward).
Recall that if in place of ℓ r we consider a half line lying in the half plane on the left of z 0 , then to find f (z 0 ) one has to change sign to the right hand side of (5.2).
Remark 5.2. Let s ∈ m or (Φ) be one symbol, and let z s ∈ Φ be the corresponding point. Let z + ∈ Ω \ Φ (resp. z − ∈ Ω \ Φ) be a point above z s (resp. below z s ) on the normal line to Φ at z s , sufficiently close to z s . Then
The interpretation of w defined in (4.2) in terms of f is given in the following proposition.
Proposition 5.3. Let s ∈ m or (Φ) and z s ∈ Φ be the corresponding point. Then
Recalling the definition of w and Remark 5.2 we have
If s ∈ cus or (Φ) we denote by z + (resp. z − ) the nearby points obtained moving z s to the right (resp. to the left) along the tangent line to Φ at z s . Recalling that
We end up with
Using these results one could rewrite formula (4.3) in Definition 4.3 in terms of the values of f at cusps and local maxima and minima of Φ.
Automated computation of the Bennequin invariant
The Morse description presented in Section 4 is basically the same used by the appcontour computer program [13] for the description of an apparent contour. Such software was originally motivated by the paper [5] in the context of apparent contours with Huffman labelling, with the purpose of automating the application of rules that correspond to isotopic deformations of R 3 when M is embedded in R 3 . It has been specifically modified in order to include the computation of the formula described in this paper for the third Ohmoto-Aicardi invariant B(Φ) [12] . We shall present here the result of the automated computation of the invariant, using appcontour, on a number of examples.
Sphere
The simplest possible apparent contour consists of an S 1 oriented counterclockwise resulting from the projection of a sphere, Figure 6 . In the Morse description of this example and those below each (semicolon terminated) row is a list of plain ascii characters that represents the sequence of events on a critical position of the Morse line. The typographical characters used have the following meaning:
•^and U represent respectively a local maximum/minimum,
• X is a crossing,
• /, \, (, ) are all equivalent and represent a transverse intersection with the Morse line. Each character is optionally followed by modifiers that give information on the corresponding component of the apparent contour:
• l, r, u and d indicate orientation of the corresponding arc to the left, right, up and down respectively,
• c: a cusp is present in the corresponding arc.
Here is the transcript of a session with the appcontour program, where the Morse description is written in a file with name sphere. The computed value B(Φ) = 2.0 can be compared with the value of BL(Φ), which can be computed easily in this case.
Projective plane
In this example we take the Boy surface (Figure 7 ), for which Ohmoto and Aicardi computed a value of −5/2 for the invariant. Here is the transcript of a session with the appcontour program, where the Morse description is written in a file with name boysurface.morse: 
Milnor curve and Millet immersion
The Milnor curve is the apparent contour of a particularly interesting immersion of a sphere in R 3 ( Figure 9 , left). There is a striking similarity of the Milnor curve with an example provided by Millet [11] of an immersion of the projective plane in R 3 ( Figure 9 , right). The corresponding apparent contour has only one component and a single cusp. The result of the automated computation of the invariant B(Φ) for these two examples is B(Φ) = 0 for the Milnor curve and B(Φ) = − 
Torus
The apparent contour of Figure 10 [
...]
Note that this example also carries information capable to reconstruct a 3D embedding of the surface (Huffman labelling); the surface is consequently oriented, and in this case there is a fourth invariant: number of positive cusps [12] .
A knotted genus-2 surface
The apparent contour of Figure 10 (right) corresponds to a surface of genus 2 (a torus with two holes), having the two holes linked together.
Here is the output of the appcontour program: 
